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We present an analytical model to investigate the mechanics of 2-dimensional lattices composed
of elastic beams of non-uniform cross-section. Our approach is based on reducing a lattice to a
single beam subject to the action of a set of linear and torsional springs, thus allowing the problem
to be solved through a transfer matrix method. We show a non-trivial region of design space that
yields materials with auxetic properties for strains greater than that required to trigger elastic
instability. The critical loading required to make this transition from positive to negative Poisson’s
ratio is calculated. Furthermore, we present lattice parameters that provide direction-dependent
deformation modes offering great tailorability of the mechanical properties of finite size lattices.
Not only is our analytical formulation in good agreement with the finite element simulation results,
but it provides an insight into the role of the interplay between structure and elastic instability,
and gives an efficient methodology to pursue questions of rational design in the field of mechanical
metamaterials.
INTRODUCTION
Poisson’s ratio is a material constant defined as the
negative of the ratio between the transverse and longi-
tudinal strains in the direction of an applied load. Our
daily experiences frequently tell us that when a material
is compressed in a given direction, it will expand in the di-
rection perpendicular to the applied load: materials con-
forming to this ubiquitous behavior are characterized by
positive values of their Poisson’s ratio. In contrast, and
perhaps against our common intuition, there exist exam-
ples of both man-made and naturally occurring materials
that contract (expand) in the direction perpendicular to
an applied compressive (tensile) load. Such materials are
characterised by a negative Poisson’s ratio and are often
referred to as auxetic materials.
Since the first description of a material exhibiting a
negative Poisson’s ratio [1], numerous examples and ap-
plications have been reported: natural layered ceram-
ics [2], fabric reinforcement[3], and low-stiffness auxetic
yarns and fabrics [4] among many others. The surpris-
ing behavior of auxetic materials continues to challenge
our intuition and did the same to many influential physi-
cists, for instance, in 1964 Richard Feynman noted that
“it is reasonable that [Poission’s ratio] should be gener-
ally positive, but it is not quite clear that it must be so”
[5]. However, recent advancements in the field of aux-
etic metamaterials have presented fresh new looks into
material sciences, structural design, and soft condensed
matter physics [6–10].
It is often the case that auxetic properties of a ma-
terial are a result of interplay between a structure’s in-
ternal geometry and the constituent material properties.
Such structures, where one or more mechanical property
is dependent on the geometry of the sample’s substruc-
ture (rather than purely the material composition), fall
into the class of mechanical metamaterials [11]. Exam-
ples of the exploitation of the internal geometry’s abil-
ity to achieve novel global mechanical properties include
pentamode metamaterials [12, 13], mechanical cloaks for
flexural waves [14], seismic metamaterials [15] as well as
auxetic mechanical metamaterials [6].
Recent work centering on a square 2-dimensional lat-
tice of circular holes has shown that through close control
of internal geometry, elastic instability can be utilised as
a route to uni-directional, planar, and auxetic behaviour
[6–8]. This example is of particular interest because it
provides a systematic way to tune macroscopic mechan-
ical responses through a wide range of Poisson’s ratios
and stiffnesses [6, 7, 9]. Furthermore, the auxetic nature
of the structure is “switched on” above a critical strain;
before this strain the material has a positive Poisson’s
ratio and this allows for further tailorability in the ma-
terial’s mechanical response [6]. In this 2-dimensional
lattice, uniaxial compressive loads induce a short wave-
length elastic deformation mode: the lattice structure
undergoes a high degree of reorganization as alternating
mutually orthogonal ellipses are formed in place of the
circular voids and the structure collapses. Hence, the
reconfiguration results in an auxetic response of the lat-
tice. This elastic instability and the consequent breaking
of internal lattice symmetry is shown in figure 1-(a). It is
noted that a square lattice made up of homogenous slen-
der beams may also, in theory, present a similar buckling
mode where the lattice deforms with a short wavelength
mode, as depicted in figure 1-(d). It has been demon-
strated however, that the short wavelength mode is never
preferred because the stresses required for the onset of
this instability are always higher than the stresses that
trigger the long wavelength modes depicted in figure 1-(c)
[16, 17].
In this article, we consider a square lattice made of
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2component beams described by two of their thicknesses:
the central section of the beam has thickness t2, while the
end sections of the beam have thickness t1, part of a lat-
tice made up of these elements is shown in figure 1-(b).
We find that through manipulation of the beam thick-
ness and the length of the central section considered, the
short wavelength deformation mode can be accessed at
a lower critical load than the long wavelength mode. In
contrast to methods based on Bloch-wave analysis [18–
21], we present an analytical model for this finite sized
lattice, including boundary effects, and show good agree-
ment between our model and finite element simulations.
This approach to calculating the buckling load of the lat-
tice gives us an efficient method for the exploration of the
design space. We capture a non-trivial region of param-
eter space that would yield metamaterials with auxetic
properties for loading greater than that required to trig-
ger elastic instability. Within this region of design space,
we also calculate the critical load that would be required
to switch the properties of the material from positive to
negative Poisson’s ratio. Furthermore, by considering a
lattice with different beam properties in the elements par-
allel and perpendicular to the direction of applied load-
ing, we explore the possibility of creating samples which
have direction-dependent failure modes: that is, when
loaded in one direction, the material will fail with short
wavelength failure and thus would be described by a neg-
ative Poisson’s ratio; however, when loaded in a direc-
tion perpendicular to this, the sample would exhibit long
wavelength failure and thus no auxetic properties.
We now lay out the organisation of this article. In
section 2, we introduce the necessary elements that de-
scribe the lattice’s unit cell for our model example. Our
approach is based on the classical Euler-Bernoulli beam,
which has been modified to incorporate non-uniform elas-
tic beams. In section 3, we introduce the general method-
ology, namely the transfer matrix approach. This method
allows us to describe the in-plane deflection of elastic
beams in the most general way possible by taking into
consideration a series of attached linear and torsional
springs as well as thickness variation. We analytically
express the transfer matrices for these three forms of dis-
continuities, unify this treatment in order to describe the
general transfer matrix across the finite direction of the
lattice, and deal with the boundary conditions of the sys-
tem. In section 4, we show how symmetry analysis makes
the homogenisation of the unit cell to the lattice struc-
ture possible and discuss how the linear and torsional
springs are determined from the reaction forces and mo-
ments that the lattice inflict on a localised unit cell. In
section 5, we present our results which are comprised
of good agreement between the Finite Element Method
(FEM) and our semi-analytic calculations. In section 6,
we summarize our main results and provide the reader
with our view of the broad impact of our method.
(a) (b)
(c) (d)
FIG. 1. [Colour online] (a) 2-dimensional periodic porous lattices;
(b) Beam lattice of varying thickness; (c) Long wave length mode
for a beam lattice of constant thickness; (d) Short wave length
mode for a beam lattice of constant thickness.
BEAM THEORY AND THE UNIT CELL
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FIG. 2. [Colour online] (a) The modified square lattice under
investigation here and the notation used. (b) A schematic of the
model used in our analytic approach, a single vertical beam in the
lattice (coloured blue in (a)) is taken and the effect of the lattice
on the beam is encapsulated by a series of linear and rotational
springs.
Let us consider a 2-dimensional lattice of height LT
which is infinite in the horizontal spatial dimension.
Through assuming certain symmetry relationships be-
tween one vertical element of length LT and its neigh-
bours, we are able to establish the behaviour of the whole
lattice through the analysis of one beam element. The
influence of the lattice on the beam we here consider is
encapsulated in a distribution of elastic support provided
3to the beam itself – this is shown schematically in figure
(2) where much of the notation used in this paper is intro-
duced. The strength of this elastic support is dependent
on symmetry relations that we shall consider in the fol-
lowing sections. The approach in this work adopts and
expands the transfer matrix formulation of previous work
[22], where such matrices were used to calculate the op-
timal placement of linear springs along a Euler-Bernoulli
beam.
The basis for this model is the classical Euler-Bernoulli
beam equation [23, 24]. Here, we consider the general
situation where the slender beam under consideration
may have a varying cross-section, or thickness, causing
its second moment of area I to be a function of the La-
grange coordinates x˜, I = I(x˜). The beam of length
LT is subjected to a compressive force p(x˜) and external
body loads acting perpendicular to the long axis of the
beam q(x˜). It can be shown that the beam’s deflection
from its initially straight configuration, y˜(x˜) obeys the
following ODE:
d2
dx˜2
(
EI(x˜)
d2y˜(x˜)
dx˜2
)
+ p(x˜)
d2y˜(x˜)
dx˜2
= q(x˜), (1)
where E is the Young’s modulus of the material. We
shall consider two sources of elastic support: linear and
torsional springs. The former enters the balance equation
explicitly as, q(x˜), and is written
q(x˜) = −K˜(x˜)y˜(x˜), (2)
where K˜(x˜) is the stiffness of the elastic support. The lat-
ter form of elastic support, provided by torsional springs,
accounts for the applied moments on the beam given by
m(x˜) = −T (x˜)ϕ(x˜), (3)
where T (x˜) is the stiffness of the field of torsional springs
and ϕ(x˜) describes the rotation of the beam at x˜ relative
to its initial configuration. We adopt the small angle
approximation, which reads ϕ ≈ dy˜/dx˜.
In this work, we introduce beam thickness discontinu-
ities in a unit cell, where these are represented in Eq. (1)
by a specific choice of the functional form of I(x˜). The
explicit choice of I(x˜) to be considered here, for the tran-
sition between two regions of constant thickness as shown
in figure 2-(a), is given by
I(x˜) = I1 + (I2 − I1) Θ(x˜− l1), (4)
where I1 and I2 are the second moments of area for the
sections of length l1 and l2, respectively, and Θ(x˜− l1) is
the Heaviside step function (Θ = 0 for x < l1 and Θ = 1
for x > l1).
As a matter of convenience, we define the following
non-dimensional quantities: y ≡ piy˜/LT, x ≡ pix˜/LT,
f ≡ pL2T/(EI1pi2) and K ≡ K˜L4T/(EI1pi4). Eq. (1) then
takes a dimensionless form,
d2
dx2
{[
1 + (rI − 1) Θ
(
x− pil1
LT
)]
d2y
dx2
}
+ f(x)
d2y(x)
dx2
+K(x)y(x) = 0, (5)
where rI ≡ I2/I1
METHODOLOGY
Through considerations of symmetry, the buckling
threshold calculations of the lattice will be reduced to
that of a single vertical beam with a variable cross section
and an appropriate set of linear and/or torsional springs
placed along its length. These springs are used to repre-
sent the influence of the horizontal elements in the lattice
on the vertical beam. The buckling of this single beam
is analysed through a transfer matrix formulation. This
approach is then used to infer the elastic properties of the
lattice. The transfer matrices calculated here can be de-
rived from considerations of the continuity/discontinuity
of the solution to Eq. (1) and its derivatives. We ded-
icate the rest of this section to the derivation of these
transfer matrices for linear springs, torsional springs and
thickness discontinuity.
Linear springs: Let us assume only point like spring
supports. In general, each linear spring placed on the
beam may be thought of as having independent stiff-
nesses. Therefore, in order to describe the system, a
set of spring constants {κj}, for j ∈ {1, 2, · · · , N − 1},
must be defined. For point-like linear springs, we write
the distribution K(x) in Eq. (5) in the following way:
K(x) =
N−1∑
j=1
κjδ(x− xj). (6)
This discrete set of supports divides the beam into N
segments, in between these discrete positions {xj} the
Euler-Bernoulli Equation, Eq. (5), with K(x) = 0 governs
the deflection of the beam. This equation can be solved in
the regions x ∈ (xj , xj+1), for any j. Hence, the general
4solution is given by:
y(x) = Aj sin
[√
f(x− xj)
]
+
+Bj cos
[√
f(x− xj)
]
+ Cj(x− xj) +Dj , (7)
where we have defined the boundaries to be placed at
x0 ≡ 0 and xN ≡ pi. Considering a single spring placed
at xj and integrating the Eq. (5) over a small interval
around xj , it is found that,
lim
x→x+j
y(x) = lim
x→x−j
y(x),
lim
x→x+j
y′(x) = lim
x→x−j
y′(x),
lim
x→x+j
y′′(x) = lim
x→x−j
y′′(x),
lim
x→x+j
y′′′(x)− lim
x→x−j
y′′′(x) + κjy(xj) = 0. (8)
Defining vj ≡ (Aj , Bj , Cj , Dj)T , the continuity relations
shown in Eq. (8) on the piecewise solution of Eq. (7) can
be captured in the following form,
vj = T
lin
j · vj−1, (9)
where the transfer matrix is defined as
T linj =

κj sin[
√
f∆xj]
f3/2
+ cos
[√
f∆xj
] κj cos[√f∆xj]
f3/2
− sin [√f∆xj] κj∆xjf3/2 κjf3/2
sin
[√
f∆xj
]
cos
[√
f∆xj
]
0 0
−κj sin[
√
f∆xj]
f −
κj cos[
√
f∆xj]
f 1− κj∆xjf −κjf
0 0 ∆xj 1
 , (10)
where ∆xj ≡ xj − xj−1.
Torsional springs: With the addition of torsional
springs placed along the beam at each position xj , we
consider an applied moment given by mj = −τj y′(xj),
where τj ≡ TjLT/(piEI). Therefore, as in the previous
section, we define a set {τj} of torsional spring constants
for j ∈ {1, 2, · · · , N − 1}. These additional moments af-
fect the boundary conditions of the Eq. (5) [23]. It can
be shown that the expressions relating function y(x) and
its derivatives on either side of the rotational spring are:
lim
x→x+j
y(x) = lim
x→x−j
y(x),
lim
x→x+j
y′(x) = lim
x→x−j
y′(x),
lim
x→x+j
y′′(x)− lim
x→x−j
y′′(x) + τjy′(xj) = 0,
lim
x→x+j
y′′′(x) = lim
x→x−j
y′′′(x). (11)
Hence, given that the solution shown in Eq. (7) is valid
on either side of the torsional spring, we obtain the anal-
ogous transformation to Eq. (9), i.e. vj = T
tor
j · vj−1,
thus finding that the transfer matrix for torsional spring
to be given by
T torj =

cos
[√
f∆xj
] − sin [√f∆xj] 0 0
τj cos[
√
f∆xj]√
f
+ sin
[√
f∆xj
]
cos
[√
f∆xj
]− τj sin[√f∆xj]√
f
τj
f 0
0 0 1 0
− τj cos[
√
f∆xj]√
f
τj sin[
√
f∆xj]√
f
− τjf + ∆xj 1
 . (12)
Thickness variation: Using the above methodology,
we now derive relationships for y(x) and its derivatives
across a discontinuity in beam thickness. Here we con-
sider a single change in beam thickness at xj moving from
one second moment of area I1 (xj−1 < x < xj) to an-
other second moment of area I2 (xj < x < xj+1). Here,
5Eq. (5) can be solved, when K(x) = 0, for two different
intervals: (i) the region where I(x) = I1,
y(x) = Aj−1 sin
[√
f(x− xj−1)
]
+
+Bj−1 cos
[√
f(x− xj−1)
]
+ Cj−1(x− xj−1) +Dj−1,(13)
and (ii) I(x) = I2:
y(x) = Aj sin
[√
f
rI
(x− xj)
]
+
+Bj cos
[√
f
rI
(x− xj)
]
+ Cj(x− xj) +Dj . (14)
Then, integrating Eq. (5) over a small interval around
xj , we may write the following continuity equations:
lim
x→x+j
y(x) = lim
x→x−j
y(x),
lim
x→x+j
y′(x) = lim
x→x−j
y′(x),
lim
x→x+j
rI y
′′(x) = lim
x→x−j
y′′(x),
lim
x→x+j
rI y
′′′(x) = lim
x→x−j
y′′′(x). (15)
The above system, Eqs. (15), and the solutions given in
Eqs. (13) and (14), allow us to write the transfer matrix
for the transition I1 → I2. Therefore, we arrive at its
explicit form
T 1→2j =

√
rI cos
[√
f∆xj
] −√rI sin [√f∆xj] 0 0
sin
[√
f∆xj
]
cos
[√
f∆xj
]
0 0
0 0 1 0
0 0 ∆xj 1
 .
(16)
Notation for lattice: We now introduce the notation
that is used for the transfer matrix across the entire finite
direction of the lattice. The effect of a given horizontal
element of the lattice at xj acting on the vertical beam
under consideration will be encapsulated by linear and
torsional springs. Thus the transfer matrices given in
Eqs. (10) and (12) with the appropriate spring stiffnesses
will be used. On either side of the horizontal elements,
there will be a discontinuity in beam thickness in the
direction of increasing x: prior to the springs we will have
a step from I2 → I1 and after the horizontal element
a second step from I1 → I2. Thus, we introduce the
notation,
Tj ≡ T 2→1j T linj T torj T 1→2j+1 . (17)
representing the node at xj and the closest thickness dis-
continuities. It can then be seen that the entire lattice is
now conveniently described by the product of the matri-
ces at each node given by Eq.(17):
R ≡ T 1→21
 N∏
j=1
Tj
T 2→1N+1, (18)
where T 1→21 and T
2→1
N+1 on either side take into account
the vertical boundaries of the lattice being in a region
of thickness t1, as is depicted in figure 2. Using this
notation, we can relate vN−1 to v0 through the expression
v0 = RvN−1. (19)
Boundary conditions and buckling: Here we estab-
lish boundary conditions for the end points of the beam
corresponding to clamped-clamped ends, which equates
to y(0) = y(pi) = 0 and y′(0) = y′(pi) = 0. It is noted that
at the boundaries, the thickness of the beam is t1 and
thus Eq. (7) with xj = 0 or xj = xN−1 are the relevant
solutions in the regions x ∈ (x0, x1) and x ∈ (xN−1, xN )
respectively. In terms of Eq. (7) these boundary condi-
tions dictate that
B0 +D0 = 0 (20)
AN−1 sin(
√
f∆xN ) +BN−1 cos(
√
f∆xN ) +
+CN−1∆xN +DN−1 = 0 (21)
f
1
2A0 + C0 = 0 (22)
f
1
2AN−1 cos(
√
f∆xN )− f 12BN−1 sin(
√
f∆xN ) +
+CN = 0. (23)
Using the expression given in Eq. (19), we see that
these expressions can be rewritten in terms of v0 =
(A0, B0, C0, D0)
T as
Mv0 = 0, (24)
where the elements of the matrix M are given by
M1,2 = M1,4 = M2,3 = 1, (25)
M2,1 =
√
f (26)
M3,i = R1,i sin(
√
f∆xN ) + R2,i cos(
√
f∆xN ) +
+R3,i∆xN + R4,i for i ∈ [1, 4] (27)
M4,i = R1,i
√
f cos(
√
f∆xN )− R2,i
√
f sin(
√
f∆xN ) +
+R3,i for i ∈ [1, 4], (28)
and all other values are zero. The buckling load is then
given by the minimum value of f such that det(M) = 0.
RECIPES TO BUILD LATTICES
In this section we consider how a single vertical beam
element can be used to model the complex elastic be-
haviour of a 2-dimensional lattice. As shown schemati-
cally in figure 2, the approach is based on the replacement
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(a) (b)
FIG. 3. [Colour online] The symmetries assumed in the deforma-
tion mode of the lattice. (a) shows part of the anti-symmetric de-
formation mode where yi(x) = −yi+1(x). The applied moments on
the ends of the horizontal beams, which are a result of the deforma-
tion of the vertical beams, are of reversed handedness (represented
by yellow/red circular arrows for clockwise/counterclockwise). (b)
shows part of the symmetric deformation mode (yi(x) = yi+1(x))
where end moments are of the same handedness.
of the horizontal beam elements within the lattice with
a set of torsional and linear springs. It is shown in figure
3 that the behaviour of the horizontal beams is depen-
dent on the relationship between the deflection of a given
beam, yi(x), and the deflection of its neighbours yi−1(x)
and yi+1(x). Here we introduce the assumption that the
deformation of one vertical lattice member will be related
to its neighbours’ through either an antisymmetric rela-
tionship, yi(x) = −yi+1(x) or a symmetric relationship,
yi(x) = yi+1(x). These symmetries are shown schemat-
ically in figure 3. It is noted that this assumption, al-
though reducing the space of possible deformation modes
the lattice can take, only neglects higher order modes and
is justified by finite element simulations presented later
in this work.
Under this assumption, the strength of the linear and
torsional springs can be calculated for both the anti-
symmetric figure 3-(a), or symmetric modes, figure 3-(b).
Eq. (5) can be solved for the deflection of the horizontal
beam of length L by taking the appropriate function I(x)
with zero compressive load. This allows us to establish
the relationship between applied end moment, and the
gradient of the deflection of the beam, through compari-
son with Eq. (3), we are then able to calculate τ . In the
symmetric regime (yi(x) = yi+1(x)) deformations result
in no end-to-end length change of the beam and thus
κs = 0 (29)
and the end moments applied to the horizontal beam are
of the same handedness as shown in figure 3, consequently
τs =
2rILT
pi (l2 + 2rI l1)
. (30)
In the antisymmetric regime (yi = −yi+1), any deflection
yi(x) at the point of the horizontal beam will result in a
(a)
(b)
FIG. 4. [Colour online] The deformation modes for (a) the
symmetric and (b) antisymmetric mode obtained for rL = 0.2,
t1 = 0.02, l1 = 0.5, N = 5 and rI = 0.166. The black outline shows
the undeformed lattice, the red surface gives the deformation mode
found through finite element simulations and the blue curves give
the deformation of the lattice predicted by the single beam model
presented in this paper. It is noted that for these parameters, the
antisymmetric mode is found to be excited at lower loading and
thus corresponds to the physically relevant critical loading.
change in the end-to-end length of the horizontal beam.
The cost of this deformation is encapsulated in the linear
spring, whose spring constant, κ, can then be calculated
according to the geometry of the horizontal member,
κa =
12LT t2
pi3t21 (t1l2 + 2t2l1)
. (31)
In this same regime, it is noted that the applied moments
on the horizontal beams are of opposite handedness at
each end. Thus, τ can be shown to be
τa =
6LTRIL
2
pi (l32 + 8rI l
3
1 + 6rI l1l2 (l2 + 2l1))
. (32)
Taking these two regimes separately, the buckling load
for the anti-symmetric and symmetric modes can be cal-
culated, the minimum of which will correspond to the
active mode for a given set of parameters describing the
lattice system.
RESULTS
Numerical investigations were undertaken in order to
validate the results of the single beam model proposed
in this work. The numerical scheme used for this task
was finite element method (FEM) performed using COM-
SOL Multiphysics 4.4 [25]. Our simulation setup uses
the 2D Structural Mechanics module together with the
7(b)(a)
FIG. 5. [Colour online] First invariant of the stress tensor found
through FEM simulations show the regions of compression (blue or
inward arrows) and tension (red or outward arrows) for the defor-
mation of (a) the symmetric and (b) antisymmetric modes.
Solid Mechanics interface. In this interface we use a
linear constitutive law, i.e. Hookean elasticity, as well
as a geometrically linear model. The material proper-
ties of the lattice are chosen to have Young’s modu-
lus E = 170GPa, material’s Poisson ratio ν = 0, and
mass density ρ = 2329 kg/m3. The studies are carried
out through a linear buckling analysis with a parametric
sweep over the beam thicknesses and their relative length.
Mesh refinement to confirm convergence has been under-
taken.
For a given lattice, our analytic method can be used
to predict the loading at which buckling will occur for
both the symmetric and antisymmetric modes. The min-
imum of these two loadings will correspond to the active
mode. Typical deformation patterns for the two sym-
metries are shown in figure 4 where the outline of the
undeformed lattice is shown in the background in black,
the red beams indicates the results of a finite element
linear buckling analysis, and the blue curve indicates the
predicted deformation of the neutral axis of the com-
ponent beams from the single beam approximation pre-
sented here. It is noted that antisymmetric modes always
correspond to short wavelength buckling where yi(x) is
close to zero at the nodes, thus indicating a high en-
ergy cost in the stretching of the horizontal elements as
compared to bending them. Increasingly close agreement
between FEM and our single beam model is found with
an increasing aspect ratio of the component beams. With
decreasing rI , bending becomes more and more concen-
trated in the central region of the beam in both the sym-
metric and antisymmetric modes.
Studies on the post-buckling behaviour of porous struc-
tures have shown that the effect of the pore shape dic-
tates whether symmetric or antisymmetric buckling take
place [7]. Figure 5, resulting from FEM simulations, can
be used to further visualise the competing mechanisms
for the short and long wavelength elastic deformation:
we contrast heat maps of the trace of the stress tensor
(first invariant) for the two modes of deformation, (a)
symmetric and (b) antisymmetric. In the antisymmetric
deformation mode, it is observed that the majority of the
curvature is localised to the central region of the beams
with reduced thickness t2 (see figure 2). The trace of the
stress shows increased magnitudes in these regions of in-
creased curvature, where moments induced on the beam
of thickness t2 can be seen though regions of compression
and tension. The thicker lattice elements (that make a
cross centred on the nodes of the lattice) experience very
little deformation and instead rotate almost as rigid bod-
ies. On the other hand, the symmetric deformation mode
results in a shearing effect on the square voids within the
lattice. This is bought about through deformation of the
thicker beam element (thickness t1), hence the symmet-
ric mode occurs when the beam thicknesses t1 and t2 are
comparable. Therefore, long wavelength resulting from
the compression-tension pattern in figure 5-(a) can be in-
terpreted as the system promoting deformation close to
the joints of the thicker elements (the cross at the nodes).
This effect can be seeing in a similar system, where the
choice of lattice that results in long wavelength has star-
shaped voids [7, 26]. It is also observed here that in the
long wavelength mode the trace of the stress is dominated
by the small wavelength sub-oscillation (the long wave-
length failure without the effect of the horizontal beams
would yield blue on the inside of the curvature and red
on the outside) signifying the importance of deformation
on the smaller length-scale, even when considering long
wavelength failure [17].
For a given lattice (L, rL, and t1 fixed), the dependence
of the critical loading of the lattice and the ratio rI can be
obtained. This dependence is shown in figure for three
lattices with t1 = 0.0015, L = 0.1 and rL = 0.01, 0.1 and
0.5. It is found that for a given rL there is a transition
from the antisymmetric to the symmetric mode being
the active deformation mode with increasing rI . Good
agreement with FEM simulation is found for both fmin
and the transition from short to long deformation mode.
Figure 7 shows a further exploration of the design space
of this system: for a given t1 and L, the values of rL and
rI can be varied and the active deformation mode es-
tablished. Through setting the parameters that would
result in antisymmetric deformation modes (short wave-
length), a region of parameter space is shown in figure
7. It is noted that for this range of design parameters
the post-buckling regime would exhibit auxetic material
properties. FEM simulations are shown in figure 7 on
either side of the phase transition, close agreement is ob-
tained.
Finally, we explore the possibility of creating lattices
with direction-dependent responses to a fixed vertical
loading. Here allow the value of rI to vary between the
horizontal and vertical lattice elements, we denote these
two parameters rh and rv respectively. We restrict our in-
vestigation to the case where rL is equal for all the beam
components. For a given pair of values, r
(1)
I and r
(2)
I ,
two simulations can be performed: rv = r
(1)
I , rh = r
(2)
I
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FIG. 6. Failure loading for 3 particular lattices: symmetric and
anti-symmetric deformation pattern shown against results of finite
element simulations. Solid lines represents anti-symmetric mode
which would result in auxetic post-buckling behaviour. Dashed line
represents symmetic failure mode. Results are shown for lattices
with t1 = 0.0015, L = 0.1, N = 5 and rL = 0.01, 0.1 and 0.5 for
figures (top), (middle) and (bottom) respectively.
and rv = r
(2)
I , rh = r
(1)
I . Figure 8 shows the region
(r
(1)
I , r
(2)
I ) of phase space containing three distinct re-
gions: (a) long wavelength for the two possible orienta-
tions; (b) and (c) one orientation with short wavelength
mode and the other long; (d) short wavelength deforma-
tion being present in both possible orientations. It is
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FIG. 7. Phase diagram showing short vs long wavelength failures
in the rI - rL parameter space. Other parameters describing the
frame are set as t1 = 0.0015, N = 5, and L = 0.1. The plots in
figure are slices through this parameter space with set rL.
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FIG. 8. [Colour online] The response of a system with the verti-
cal and horizontal beams discontinuity in second moment of area
described by parameters rv and rh respectively. All other param-
eters are equal in the two sets of beams. For each pair of values
(r
(1)
I , r
(2)
I ), two calculations are performed: rv = r
(1)
I , rh = r
(2)
I
and rv = r
(2)
I , rh = r
(1)
I . Region (a) depicts the area of parameter
space where long wavelength instability is the active mode in both
orientations, (d) shows where short wavelength mode will be active
for both, while (b) and (c) show where the two orientations will
give different modes.
noted that the effects of the boundaries parallel to the
direction of loading are relatively short ranged [6], thus
we hypothesized that although the theory presented here
is for lattices that are infinite in the horizontal direction
(see figure 2), this dual response will be present for finite
lattices as well. It is therefore likely that a square sample
constructed with parameters taken from region (b) or (c)
has auxetic properties when compressive load is applied
parallel to one set of component beams, but it behaves
as a material with positive Poisson’s ratio when a load is
applied perpendicular to these beams.
9CONCLUSION
We have presented an analytical model, based on a
single beam approximation, that captures key features
of the elastic instability of a 2-dimensional square lattice
with non uniform component beams. We have shown ex-
cellent agreement with FEM simulations for the critical
loading and deformation mode for a wide range of lattice
parameters. Furthermore, we have utilised the efficient
methodology presented here to explore a large parame-
ter space and have uncovered a non-trivial phase space
that differentiates long from short wavelength deforma-
tion. This phase space describes when the 2-dimensional
lattice will behave as an auxetic material and, within this
region of design space, the critical loading required to
make the transition from positive to negative Poisson’s
ratio. The model has then been used to make predic-
tions about materials with lattice whose parameters dif-
fer from horizontal to vertical beams. This has uncovered
the possibility of direction-dependent auxetic structural
properties: we have shown that there exist regions of
parameter space in which a square lattice, subjected to
compressive loads parallel to one set of beams, would be-
have as a material with positive Poisson’s ratio but when
perpendicular to these beams, the structure may instead
present an auxetic behaviour. The model can also be
used to predict the tuning of the load of transition from
positive to negative Poisson’s ratio. The critical loading
could also be varied depending on its directionality with
respect to the beams on the sample.
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